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Il. TITLE inciud Sc ity C The main objectives of this research have been the development of smooth nonparametric estimators of quantile functions from right-censored data and the further study of smooth density estimators from censored observations.
In particular, kernel-type quantile estimators have been obtained under censoring which give better estimates of percentiles of the lifetime distribution than the usual product-limit quantile estimator. During the past year asymptotic properties of these kernel quantile estimators have been developed, including asymptotic normality, consistency, and mean square convergence.
In addition, a data-based procedure for selecting the bandwidth has been investigated using the bootstrap, and approxi mate confidence intervals for the true quantile have been proposed using bootstrap estimates of the sampling distribution. Theoretical results on the optimal bandwidth selection for kernel density estimators under random right censorshipjhave also been obtained.
New results in several other problem areas were also developed. These included the study of linear empirical Bayes estimators, prediction intervals for the inverse Gaussian The specific research problems that were considered during this reporting period in these areas will be briefly outlined below. The results obtained to date will be described in Section 3 of this report C. Nonparametric estimation from step-stress accelerated life tests.
Usually in accelerated life tests, items are put on test at several accelerated stresses and observed until failure or until the test terminates. A more realistic method is to place items on test and allow the stress levels to change at preassigned times. This will result in more failures in general.
The objective of the research in this area was to obtain a strongly consistent nonparametric estimator of the unknown life distribution at the normal use stress. A rescaling technique was utilized to study this problem.
D.
Linear empirical Bayes estimation of mean time to failure. In estimating the mean lifetimes of n independent problems, it is hoped that the linear empirical Bayes estimators will converge to the optimal linear Bayes estimators with reasonable rapidity. This convergence was to be studied here.
Also, another objective in this area was to identify a natural class of estimators between the linear Bayes estimators and the Bayes estimators.
NO.
Status of the Research Effort
In this section a substantive statement of the progress and significant accomplishments towards achieving the research objectives for this reportin period outlined in section 2 will be given. The specific research papers referred to will be listed in section 4 of this report, which shows the cumulative results of the entire research project. Qn(p) is strongly consistent. In addition, it was shown that an approximation, Qn' to Qn is asymptotically equivalent to it with probability one. The general conditions for consistency included that hn 4 0 as n 4 -, that K be a symmetric probability density with finite support, and that F satisfy certain continuity conditions.
During the past year, the estimator Qn(p) was studied further and in much more detail. In paper [71 it was shown that, under conditions similar to those required for strong consistency, n [Qn(p) -QO(p)] is asymptotically normally distributed, provided nAh n 4 0. This condition on hn can be replaced by .hh 4 0 by using a slightly different proof. By centering with the quantity P(p,h) -hnllo (t)K( (t-p)/hn)dt, an asymptotic normality result can be obtained without the above condition on the rate of convergence of hn to zero.
Also, using this type of centering, the asymptotic normality of the approximation Qn was shown. These last two results are contained in paper number [12] .
In addition, in [12], mean convergence of Qn(p) and Qn(p) were obtained and the mean square convergence was shown. In particular, an upper bound on the rate of mean square convergence of Qn(p) to Qo(p) was shown to be g(n,h n ) -On + hnn -5 / 4 + (log n/) nc(-p)), where c is a
constant. An example of a bandwidth sequence satisfying g(n,h n ) 4 0 as n-*m is hn = cn n6 for 0 < 6 < 5/2 where cn > 0 is a bounded sequence.
The value of h minimizing g(n,h) was found to be of the form h -Cn -5/6 . n However, this rate is not sharp and further investigation with respect to the asymptotically optimal choice of h (optimal in the sense of minimum mean squared error) is needed.
Since the exact mean squared error has not been calculated, an expression for "optimal" hn minimizing the mean squared error is not available. Hence, a study of the effect of varying the bandwidth was done by Monte Carlo simulations in paper [15] . Five common life distributions, two different censoring distributions, and three different kernel functions were used in the extensive simulations. The results indicate that at fixed p the kernel estimator Qn(p) has smaller mean squared error than the product-limit quantile estimator Qn(p) for a range of values of the bandwidth hn . In addition, in [15] a method of selecting an "optimal" bandwidth value, in the sense of small estimated mean squared error, based on the bootstrap, was investigated. The results were consistent with the simulation study. The bootstrap was also used to obtain interval estimates of QO(p) after determining a value of hn to use in computing On(p).
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B. Kernel density estimation from randomly right-censored data.
The problem of asymptotically optimal selection of the bandwidth sequence for kernel density estimators under censoring was studied in paper number (13].
The usual kernel density estimator fn(x) -h n lf-w((x-t)/bn)dFn(t) and the Blum-Susarla estimator given by f (x) nHn ( (i) that every item which is subjected to an overstress is observed until it fails or is removed (censored) under constant application of the stress, or
(ii) that the lifetime distribution of the items under every accelerated stress level is assumed to be known except for the underlying parameters. A more realistic approach allows the stress on an unfailed item to change at a preassigned test time. This approach is used in government defense studies and is referred to as step-stress testing.
In paper number [11] step-stress testing is considered from a nonparametric point of view when the observations have been arbitrarily right censored, relaxing both restrictions (i) and ( Bayes estimator approaches the optimal linear estimator with probability one, but also in the quadratic mean with a rate of convergence inversely proportional to the number of problems considered. The same is true for the mean squared error of the estimators. Indeed, the limiting constant has been explicitly evaluated, which will provide a guideline for the consideration of a moderate number of problems. Effort will be continued to study the moderate sample properties of the linear empirical Bayes estimators, and to identify a natural and appropriate intermediate class of estimators.
E.
Miscellaneous. In other work, an invited paper [4] was written on nonparametric methodr for hazard rate estimation from censored data. This In paper number (9] , a comparison was given of two prediction intervals for a future observation from the inverse Gaussian distribution. This distribution arises as a lifetime model which is an alternative to the lognormal distribution. One prediction interval is exact and the other is an approximate one.
Surprisingly, the comparison showed that the approximate interval is superior in general, since it always yields a two-sided interval and has high coverage probability as well as small expected length.
In paper number [14] a regenerative sampling plan is developed for the sequential comparison of two populations having positive integral response.
It is designed to be both an extension and an improvement of the play-thewinner rules for binary trials in the sense that a much wider variety of responses is allowed, the fraction of inferior selections approaches zero, and the play-the-winner rule is contained as a special case. Almost sure convergence and moment convergence in the pth order is studied for the fraction of inferior selections and for a maximum likelihood estimator of the mean response. A conditional test of hypothesis is given for the binary case.
These results have applications in clinical trials and in quality control as well as in a variety of other sequential situations.
Cumu>ative List of Written Publications in Technical Journals
In this section, the research papers that have been written under this grant are listed. They are divided into four categories: In print, accepted for publication, and in progress. Copies of the manuscripts and reprints have been forwarded to the Program Manager as they were submitted or published.
A. In Print In addition, 5 papers were reviewed for the Zentrablatt f~r Mathematik and 14
were reviewed for the Mathematical Reviews. Also, one research proposal was reviewed for the AFOSR and one for the ARO. 
